Abstract. Let R be a ring, σ an endomorphism of R and δ is a σ-derivation of R. In this paper, we prove that if R is (σ, δ)-compatible and (σ, δ)-skew Armendariz. Then R is symmetric (resp. reversible) if and only if R[x; σ, δ] is symmetric (resp. reversible). As a consequence we obtain a generalization of [6] and [7] .
Introduction
Throughout this paper, R denotes an associative ring with unity. An Ore extension of a ring R is denoted by R[x; σ, δ], where σ is an endomorphism of R and δ is a σ-derivation, i.e., δ : R → R is an additive map such that δ(ab) = σ(a)δ(b) + δ(a)b for all a, b ∈ R. Recall that elements of R[x; σ, δ] are polynomials in x with coefficients written on the left. Multiplication in R[x; σ, δ] is given by the multiplication in R and the condition xa = σ(a)x + δ(a) for all a ∈ R. A ring R is called symmetric if abc = 0 implies acb = 0 for all a, b, c ∈ R. A ring R is called reversible if ab = 0 implies ba = 0 for all a, b ∈ R. Reduced rings (i.e., rings with no nonzero nilpotent elements) are symmetric by Anderson and Camillo [1, Theorem 1.3] . Commutative rings are clearly symmetric, symmetric are clearly reversible. A ring R is called Armendariz if whenever polynomials f = n i=0 a i x i , g = m j=0 b j x j ∈ R[x] satisfy f g = 0 then a i b j = 0 for each i, j. Polynomial rings over reversible rings need not to be reversible, and polynomial rings over symmetric rings need not to be symmetric (see [7] and [11] ). According to Krempa [9] , an endomorphism σ of a ring R is called to be rigid if aσ(a) = 0 implies a = 0 for all a ∈ R. We call a ring R σ-rigid if there exists a rigid endomorphism σ of R. Note that any rigid endomorphism of a ring is a monomorphism and σ-rigid rings are reduced rings by Hong et al. [5] . Properties of σ-rigid rings have been studied in [5] and [9] . In [4] , Hong et al. defiened a ring R with an endomorphism σ to be σ-skew Armendariz if whenever polynomials f = n i=0 a i x i , g = m j=0 b j x j ∈ R[x; σ] satisfy f g = 0 then a i σ i (b j ) = 0 for each i, j. From Hashemi and Moussavi [3] , a ring R is called a (σ, δ)-skew Armendariz ring if for p = n i=0 a i x i and q = m j=0 b j x j in R[x; σ, δ], pq = 0 implies a i x i b j x j = 0 for each i, j. Following Hashemi and Moussavi [2] , a ring R is σ-compatible if for each a, b ∈ R, aσ(b) = 0 ⇔ ab = 0. Moreover, R is said to be δ-compatible if for each a, b ∈ R, ab = 0 ⇒ aδ(b) = 0. If R is both σ-compatible and δ-compatible, we say that R is (σ, δ)-compatible. A ring R is σ-rigid if and only if R is (σ, δ)-compatible and reduced [2, Lemma 2.2]. Also, if R is σ-rigid then R[x; σ, δ] is reduced [9, Theorem 3.3] . By [6] and [7] , if R is reduced then T 2 (R) is symmetric. Huh et al. [6] and Kim and Lee [7] proved that, if R is Armendariz then the ordinary polynomial ring over R is symmetric (resp. reversible) if and only if R is symmetric (resp.reversible). Here we extend this result to Ore extensions by showing that, if R is (σ, δ)-compatible and (σ, δ)-skew Armendariz. Then R is symmetric (resp. reversible) if and only if R[x; σ, δ] is symmetric (resp. reversible). Thus, we have a generalization of [6, Proposition 3.4] and [7, Proposition 2.4] .
Let R be a ring and let
. . a n−1 a n 0 a 1 a 2 . . . a n−1 0 0 a 1 . . . a n−2 . . . 
with n ≥ 2. By [7, Examples 1.3 and 1.5], if R is reduced R n not necessarily reversible for n ≥ 2. We note elements of T n (R) by (a 1 , a 2 , · · · , a n ). Then T n (R) is a ring with addition point-wise and multiplication given by
is symmetric. On other hand, if R is symmetric T n (R) need not to be symmetric. For n = 2 there is an example of a ring such that R is symmetric but T 2 (R) is not. Let H be the Hamilton quaternions over the real number field. Then S = T 2 (H) is symmetric by [6, Corollary 2.4]. However T 2 (S) is not symmetric by [7, Example 1.7] . Also by [6, Example 3.7] and [7, Example 1.3] , if R is symmetric T n (R) need not to be symmetric for n ≥ 3.
Ore extensions over symmetric and reversible rings
There exists an endomorphism σ of a ring R such that (i)R is symmetric, (ii) R[x; σ] is not symmetric, (iii) R is not σ-compatible and (iv) R is σ-skew Armendariz.
Example 2.1. Consider a ring of polynomials over
In the Ore extension R[x; σ δ], we have
where f n i ∈ End(R, +) will denote the map which is the sum of all possible words in σ, δ built with i letters σ and n − i letters δ. (In particular ,
Lemma 2.3. Let R be a ring, σ an endomorphism of R and δ be a σ-derivation of R. If R is σ-rigid then: 
Since R is (σ, δ)-skew Armendariz, then a i x i b j x j = 0 for all i, j. On the other hand
where p(x) is a polynomial of degree strictly less than i+j. Thus a i σ i (b j ) = 0 by σ-compatibility assumption we have a i b j = 0 for all i, j.
(⇐). Suppose that a i b j = 0 for all i, j. Therefore
by Lemma 2.2, we have a i f i ℓ (b j ) = 0 for all i, j, ℓ. Thus 
We continue with the same manner as below until the step k, i.e.,
(3) It suffices to prove (⇒). First, we show that f gh = 0 ⇒ f gc k = 0, with k ∈ {0, 1, · · · , p}. We have
Since f gh = 0 by (1), we have
and so f gc k = 0, with k ∈ {0, 1, · · · , p}. Now, (2) implies a i b j c k = 0 for all i, j, k. Proof. Any subring of symmetric (resp. reversible) ring is again symmetric (resp. reversible). So, it suffices to show (⇒) for (1) and (2). 
]). If R is an Armendariz ring. Then R is symmetric (resp. reversible) if and only if R[x] is symmetric (resp.reversible).
There is an example of an endomorphism σ of a ring R and a σ derivation δ such that R is symmetric, R is (σ, δ) compatible and (σ, δ)-skew Armendariz which is not σ-rigid.
Example 2.8. Let R be a ring, σ an endomorphism of R and δ be a σ-derivation of R. Suppose that R is σ-rigid. Consider the ring ij ) ) and the σ-derivation δ of R is extended to δ : 
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